In the present article we present a particular combination of boundary problems for the inhomogeneous tri-analytic equation: the Neumann-(DirichletNeuman) problem and the (Dirichlet-Neumann)-Dirichlet problem. In order to obtain the solution and solvability conditions we use an iteration's process involving those corresponding to equations of lower order.
Introduction
The basic boundary value problems in complex analysis, the Schwarz, the Dirichlet and the Neumann problems have been studied for higher order complex partial differential equations. All kind of combinations of their could be posed which yields a large variety of different problems. However, not all of these problems are well-posed problems. Therefore we have to look for solvability conditions.
Integral representations for solutions to higher order partial differential equations can be obtained by an iteration's process from the representation integral formulas for those corresponding to the first order equations. This method has been used many times, instead see [1, 2, 3, 4] and references therein. In this paper we apply also this procedure. Although this method can be used in regular domains, we will restrict to the unit disc in order to obtain explicit solvability conditions and solutions for the problems treated here.
In this article we will study some new boundary value problems by combining different boundary conditions. We limited our study to the inhomogeneous tri-analytic equation and let to a future work the generalization of these combined problems for the inhomogeneous poly-analytic equation.
Next, we present basic problems which have been proved in [2] Theorem 1.1. The Dirichlet problem for the inhomogeneous Cauchy-Riemann equation in the unit disc
The solution then is uniquely given by
Theorem
The Neumann problem for the inhomogeneous Cauchy-Riemann equation in the unit disc
Theorem 1.3. The Dirichlet-Neumann problem for the inhomogeneous Bitsadze equation in the unit disc
and
The solution then is given by
The Dirichlet problem for the inhomogeneous poly-analytic equation is proved in [2] . For the same equation the Neumann and Dirichlet-Neumann problem are proved in [4] and [3] respectively. In turn the Dirichlet-Neumann problem for the inhomogeneous poly-analytic equation is solved in [3] . However we observe that the cases which are considered in this paper can not be obtained direct for the formula found there.
In order to establish the new combined problems we need some identities which we will prove using classical results of complex analysis as Gauss'theorem, Cauchy's theorem and Cauchy-Pompeiu Formula [5] .
The Neumann-(Dirichlet-Neumann) problem
In order to solve the boundary problem we need the following lemma.
Lemma 2.1. For |z| < 1 and |ζ| < 1 we have:
ii.
iii.
Proof. i. Using the Green-Gauss theorem we have
ii. Using the Cauchy-Pompeiu formula we obtaiñ
iii. As
, we have
Due the Green-Gauss theorem the second integral of the last equality equals
and the third one equals
Therefore the identity is satisfied because the first integral is equal to zero.
iv. From the Cauchy integral formula we have
Applying the Cauchy-Pompeiu formula and using (8) and (9) we obtain
Adding the results of the two previous expressions we obtain the desired identity.
v. First we consider
We observe that ψ is an holomorphic function respect to z. Using the change ζ = exp iθ, 0 ≤ θ ≤ 2π, we can prove that
On the other hand, because of Cauchy-Pompeiu formula
and if we make z = 0 we get
So, we have
vi. After to use the Cauchy-Pompeiu formula
and if z = 0 we have
Then, we can write
Solving the four integrals in (10) we obtain the identity. For the first one we have after de Cauchy-Pompeiu formula
Now we observe that the boundary integral is an holomorphic function respect to z an denote it as Ψ(z), so
Now we calculate Ψ(0)
Taking ζ = e iθ we have
where we have considered the uniform convergence of the series. The derivatives of Ψ(z) have the form
and making the change ζ = e iθ , θ ∈ [0, 2π]
So we have
Therefore we arrive to
Observing the former calculation we have for the second integral in (10)
For the third and fourth integral in (10) we have
respectively.
viii. From
and (vi) of this lemma we get the result.
ix. It follows making
and applying (iii) of this lemma.
Theorem 2.1. The Neumann-(Dirichlet-Neumann) problem for the inhomogeneous tri-analytic equation in the unit disc
is uniquely solvable if and only if for
The Solution then is given by
Proof. The given system is converted into the following two boundary problems:
So using Theorem 1.2, ω is
dξdη (15) if and only if (3) is satisfied with ϕ instead of f , and by Theorem 1.3 ϕ is
under the solvability condition (5) and (6) with c 1 instead c. Now we consider (3) with ϕ instead of f :
Substituting the expression for ϕ into (17) we have
forζ =ξ + iη. In order to obtain (13) we use (i) − (iv) of Lemma 2.1 and
which are calculated by applying of Cauchy integral formula.
In order to obtain (14) we carry (16) to (15) having
Taking into account that the integrals 3 The (Dirichlet-Neumann)-Dirichlet problem Now we will study the combined problem (Dirichlet-Neumann)-Dirichlet. As we did in the former problem, we will prove some identities. dξdη.
Using (i) of Lemma 3.1 and (ii), (vi) of Lemma 2.1 we get the solvability conditions for this problem.
